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Some preliminary Remarks

» You might not like Newton methods

» You might not like Lagrange multipliers



Optimization of RF pulses (magnetic fields) in Magnetic
Resonance Imaging (MRI)
Magnetom Skyra (3T)

4

[http://www.healthcare.siemens.com]

Goal 1: Reduce the acquisition time in MRI by time-optimal
control

Goal 2: Simultaneous multi-slice excitation
Controls: Amplitudes of different magnetic fields

Constraints: Technical limitations of MR hardware, excitation quality

(in cooperation with A. Rund, C. Aigner, R. Stollberger)



Time-optimal control of the Bloch equations

X
ueuﬂi,nno T
)
s.t. M(t,x) =~ w(t) | x M(t,x), inlxgQ,
w(t)x

M(0,x) = M°(x), on €,

IM(T,x) — My(x)| < E(x) X € Qops C Q,

w(t) = us(t), w(0) =0, in (0, T),

T
/ uf + u%dt < Prax,
0

U€ Upg={ue L2132+ 03 <R w, < uz < wp}
M(t, x) nuclear magnetization

Q= (-L,1),



Optimal pulses

-100;

0.0 -200 -
0 0.5 1 1.5 2 0 0.2 0.4 0.6 0.8 1

(a) RF pulse uy(t) (b) us(t)

Figure: Results: Time optimal controls (u1(t), uz(t)) for example "DIFF”,

T =241, u(t)=0



Revisit: Semi-smooth Newton Method

Definition
F: D c X — Z is called Newton differentiable in U C D, if there exist
G:U— L(X,2Z):

(A) limp_o | F(x 4+ h) — F(x) — G(x+ h)h |=0, for all x € U.

1
| hl
Example

F: LP(Q) — L), F(v) = max(0,v) is Newton differentiable if g < p,
and

1 ify(x)>0
G (1)) = { 0 v <0

d if P(x) 0 € R arbitrary.

Example
p=gq ... (A)is not satisfied.



Revisit: Semi-smooth Newton Method

Theorem
Let F(x*) =0, F Newton differentiable in U(x*), and
{I1G(x)" lz(x,z) : x € U(x*)} bounded.

Then the Newton iteration converges locally superlinearly.

Rate of convergence
Mesh independence
Chain Rules

Ref. Kummer, Qi, Chen-Nashed, M. Ulbrich, Hintermuller-Ito-K.



Control of Variational Inequalities

Control of Variational Inequalities

min J(y, u)
y = argmin,cp(q) %a(y,y) —(y, u)r2
overuc L>(Q) and y € K ={ve H}(Q):v <)

State Constrained Optimal Control

min J(y, u)
Ay =u
over u € L?(Q) and y € K



Inverse Elastohydrodynamic Problem

min 3 [5 |y — Ydata|® dx + §|u|2
(P) uelU

y = y(u) = argmin {J'(y) : y € K}

JUy) = JouP |Vy[Pdx — [o 5%y dx

K={yeH:Q):y=>0} Reynolds lubrication problem
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Optimal control with focus on the (non-)smooth cost
functional

motivation
. 2
min ly = zlli2@) + aN([lul)) )
st. Ay=u
fQ x)|? dx fQ |u(x)| dx fQ |Vu(x)[? dx fQ |Vu(x)| dx

Remark: Sparsity, optimal location problem,...



Dualisation of BV

min %fQ|Ku—f|2dx+%f0|u|2dx+6fQ|Du|
over u€ BV,

/Q|Du| =Sup{/ﬂudiv7: 7 e (C()2 [7(x) e < 1}




Portfolio Optimization

dXo(t) = rXo(t) dt — (1 + 7)dL(t) + (1 —v)dM(t)
dXq(t) = uX1(t) dt + o X1 (t)dW(t) + dL(t) — dM(t)

Xo, X1 wealth processes for bank account /stock
r,u, 0,7 interest rate, trend, volatility, trading costs

L, M cumulative processes describing purchases/sales of stock



Portfolio Optimization cont.

J(t, Xo,Xl)
= supyy E[5(Xo(T) + (1 = 7)X(T))* | Xo(t) = x0, Xa(t) = x]

Theorem
J is concave, continuous, and a viscosity solution of

max { Je + A, —(L4+ )y + Jx, (1 —=7)o — g } =0

on [0, T) x D with J(T,xp,x1) = é(xo +(1—7)x)®

Ah(x0,x1) = rxoh (X0, x1) + ph (X0, x1) + 302x3 hyy s (X0, X1)

NO TRADING - BUY - SELL

_ X1
y= Xo+x1




Portfolio Optimization cont.
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Multi-topology Optimization

d
. 1 «
min 3lly = 2l 5 lulls +8 | L1 - i x-+5 ALz

st. —div(uVy)="finQ,
y =0 o0n 0.
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A model problem: control constrained optimal control

min J(y,u) =1 [oly — 22+ 5 [, ul?
(P){ —Ay=wuin Q, y=0 on 99

US'L[J, UELz(Q)
E(y,u,p,)\)=J(y,u)—|—<p,—Ay—|—u>+<)\,u—z/)>

—Ay=uin 2, y=0 on 00
—Ap=—(y—2z)in Q, y=0 on 909
fu+A=p in Q

A>0, u<t, [oA(u—19)dx=0

(05)



A model problem: control constrained optimal control cont

A>0, u<q, /)\(u—w)dX:O
Q

complementarity functional: C(u,\) =0 e.g.,

C(u,\) =X —max(0,\+c(u—1)), ¢c>0

(OS) equivalent to

. Bu+ (D) Put+X—f -0
(*) (1, 2): = A —max(0, A + c(u — v)) -

where f = (—A)~!z.



A model problem: control constrained optimal control cont

Optimal control: ¢ = S in

u — *2u —
() F(u): :( But(—D)Put+A—f )

A —max(0, A + c(u — 9))

Bu—F1p+max(0,(—A) 2 u—f+pY)=0

Theorem
If]|(u°, A°) — (u*, A*)|| <, then the semi—smooth Newton-method for

_( But(=A)PutA—f  _
Fu,A) = ( )\_max(O,)\-i-ﬁ(U_w)) ) =0

converges super-linearly, and rate of convergence.



The reduced problem

()  F(u,A): =

( Bu+(—A)2u+N—f )
A —max(0, A + c(u — 7))

Reduced problem

min J(u) = %(u, Au)Lz(Q) — (f, U)Lz(Q)
subject to u <

where A := B + (—A)~! compact perturbation of identity

Focus on: A — max(0, A + B(u — %))



Primal—dual active set strategy
Predictor: Ay = {x: (\* + c(u* —4))(x) > 0}
PDA-Algorithm
(i) choose u®, \°
(i) Set Ay, Zy
(iii) Solve Aug + Ax = f
uk:wauf.Ak, )\k:0on Ik.
(iv) k=k+1, and goto (ii) or stop.

for optimal control replace (iii) by

[ in Ay
—Ayy = { Pk inz, — Ap = —(yx — zd),
B
and set

WP in Ay
up = % in 7. and A = Pk — Q.



Primal—dual active set strategy cont.

Theorem
PDA-algorithm is equivalent to semi-smooth Newton algorithm.

Global convergence ?

min J(u) = 3(u, Au)rr — (f, U)re
subject to u < Y

Theorem

Assume that A is an M-matrix. Then limy_ o (uk, \) = (u™, \*) for
arbitrary initial data. Moreover, u* < uyy11 < uy for all k > 1 and uy < v
for all k > 2.

Theorem

If A is a P-matrix and for every partitioning of the index set into disjoint
subsets T and A we have ||(A7'Aza)+|1 <1 and 3,7 (A7'yz)i > 0 for
ur > 0, then |imk_>oo(uk,)\k) = (u*,)\*).

Theorem

Assume that A= M + K with M an M-matrix and ||K||1 sufficiently
small. Then the primal-dual active set algorithm converges to the unique
solution u* of (P).



Primal—dual active set strategy cont.

Theorem
PDA-algorithm is equivalent to semi-smooth Newton algorithm.

Global convergence ?

min J(u) = 3(u, Au)rr — (f, U)re
subject to u < Y

Theorem

Assume that A is an M-matrix. Then limy_ o (uk, \) = (u™, \*) for
arbitrary initial data. Moreover, u* < uyy11 < uy for all k > 1 and uy < v
for all k > 2.

Theorem

If A is a P-matrix and for every partitioning of the index set into disjoint
subsets T and A we have ||(A7'Aza)+|1 <1 and 3,7 (A7'yz)i > 0 for
ur > 0, then |imk_>oo(uk,)\k) = (u*,)\*).

Theorem

Assume that A= M + K with M an M-matrix and ||K||1 sufficiently
small. Then the primal-dual active set algorithm converges to the unique
solution u* of (P). Applicable to optimal control ?



PDA algorithm: The continuous bilateral case

min 3 [Au—z|y + g |u|%2(9)
over u subject to ¢ < u <Y,
where A € L(L%(Q), Y). eg: A=—-A"1Y =1%Q).

{aquA*(Auz)Jr/\:O (0S)

A =max(0, A+ B (u— 1))+ min(0, A+ 8 (u — ¢)).

Primal—dual active set algorithm
(i) Given (u*,\¥), determine
Alpr = s (V¥ + B(u* = 9))(x) > 0}
Tirr = {x: (M + B(u* —1))(x) <0 < N+ B(u* — ¢))(x)
A = {xt (M + B(uk = 9))(x) < 0}
(i) Determine (u*1, A\k+1) from

k+1 _ + k+1 _ - k+1
Ut =1 on AL, v =9 on Ay, AT =0 on Ty,

Buktt £ A (AUFT — 2) £ AL = 0. (1)



Global convergence
Merit function.

M) = 37 [ () Pl P |

where AT(u) = {x: v >} and A (v) = {x: u < p}.

\x|2dx+/ IAT2dx,
) A~ (u)

Theorem

Assume that |A|| < 5. Then there exists p € (0, 1) such that

M (U2 NFY) < pM(uk, \<) for every k =1, -.

Moreover there exist (u*, \*) € L2(Q) x L?(Q), such that

limg oo (uX, P, A) = (u*, p*, \*) and (u*,y*, p*, \*) satisfies (OS).

Corollary
Finite step convergence for discretized problem.

FIND DIFFERENT MERIT FUNCTIONS ?



State constraints: towards regularisation

min J(y,u) =1 [ ly —zPdx + £ [ uf? dx
(P){—-Ay=uin Q, y=0 ondQ
y < in Q
QCcR", n<3.
(v, u) € (Ho(Q) N H*(Q)) x L*(2) =W x L*(Q)
inequality constraint G(y) =y — ¢ <0,

G : Hf N H? — L2(Q) NOT surjective.

¥ sufficiently regular, ¢ > 0 on 9Q



State constraints: towards regularisation

min J(y,u) =1 [ ly —zPdx + £ [ uf? dx
(P){—-Ay=uin Q, y=0 ondQ
y<v¢ in Q

QCcR", n<3.
(y,u) € (Ho(Q) N H*(Q)) x L3(Q) = W x L*(Q)

inequality constraint G(y) =y — ¢ <0,
G : H} N H? — [2(Q) NOT surjective.

1 sufficiently regular, ¢ > 0 on 09

there exists an admissible pair (y(d), i) = existence to (P).



State constraints: towards regularisation

Theorem

(v*, u*) is solution to (P) iff Ip* € [2(Q), »* € W* N C(Q)*
—Ay*=u*inQ, y*=00n00
(p*, —Ay) + (N y)crc=—(y* —2), VyeWw(Q)
N,y =y Yerc <0 forall y e C(Q), y <.

pr=pu*, y*r <.



Theorem (Case 1)
p e Hy(Q), Pl € H(A), p'lz € H¥(T)

p* = —BAY on A

—Ap* =—(y*—2z), inZ, p*=00ndQ
7T[Z))k :—ﬁTrA’L/J, r=0A4
o=t pt e 3(Q), pE e HY2(T)
. 0 on 1
BT s v —anty i A

x  _ _ 0plz op"|a
Hr = on|z onl4 *

Theorem ( Case 2)

preW(Q), Vge(1,2)

opr  Opr . °
A~ 9n " on M MA)

A



Recall: Primal-Dual Active Set Method

Ny =y )ec <0, Vy<u
<)‘*7w_y*>C*,C :Ov y*§¢7 )‘*ZO

formally: A* =max(0,\* + c(y* —v¢)), c>0.

Algorithm

(i) initialize (yo, to, Ao), choose ¢ >0

(i) Arsr = {x: (A + clye — ¥))(x) > 0}

(iif)
—AYir1 = Ukt
—Apii1 + Aky1 = —(Vit1 — 2)
Vivr =t on Agy1, M1 =0 on T,
Buksr = pry1 in

(iv) k=k+1.



Convergence for discretized problems

Remarks:
1. (iii) is solution to (P) with y =1 on Axy; and free on Zyig
2. solve (iii) only on Zy1
3. termination A1 = Ay
4. Aiy1 may be very different from Ay

numerical practice: mesh dependent convergence

[ Mesh size h [[ 1/16 [ 1/32 [ 1/64 [ 1/128 [ 1/256 |
| PDAS [ 14 | 27 | 54 | 113 [ 226 |




Regularization of Infinite Dimensional Problems

(P) min3 |y —z2+ 5 |uP + 2 Jo |(A+4(y —¢))dx
—Ay=u, in , y=0 ondQ.

—Ay =u in Q, y=0 on 90N

—Ap+A=—(y—2z) inQ, p=0 on 90
(0s,)

pu=p

A = max(0, A +(y —¥))
optimality condition for reduced regularized problem
A =max (0, X +((I + BAY) Yz — \) =)

compare: optimality condition for reduced regularized problem

A =max (0, A\ +c(y —v)) = max(0, \+ (I +BA*) " (z—A)—¢) eachc>0



Regularization of Infinite Dimensional Problems cont

Theorem

(Vs Py Ay) 5532 (V5 5, AF) i W X L2(Q) X Wieay

Algorithm (regularized)
(i) initialize (yo, o, Ao), k:=0, choose v >0

(i) Aksr = {x: X+ v(yk — ¥) > 0}
o[t
—Dp+ (A +y(y — ) X4, = —(y — 2)

) 0 Tht1
iv) A ={_
() M {A + YW1 — ) - Axgr



Regularization of Infinite Dimensional Problems cont

Theorem
If yo, v, A€ LP(Q),p>2, |yo—yyltr <<, then
(Vs P> M) iz (5 Pys Ay) superlinearly in W x W x L2(9Q).

Proposition:
If .Ak+1 =A== ()/ka Uk) = (y'yv U'y)~

Theorem
If%||A_1||£(L2(Q)) < 1, then global convergence.

y 103 [ 10* [ 10° | 10° | 108 | 107 | 10™°
iter 10 17| 27| 30| 30| 31| 31
active | 791 | 667 | 606 | 587 | 577 | 575 | 575

Table

v [ 103 10° | 10°
iter | 10| 6] 3] X=I19

Table



How to choose v: Path Following

P min 3|y =z + 5 [ul? + 55 fo [+ 2y — ) [Pdx
! —Ay=u, in Q y=0 on .

P = {(y”” U'Y7p"7’7A'y) EWxL?x1?x wW*}
(Py=0) unconstrained, (Py=s) constrained.

Theorem
P is globally Lipschitz continuous, and v — (py,Ay) € W x L2 is locally
Lipschitz continuous.

(H) S%9:={xeQ:y,—¢=0}, measS)=0



How to choose v: Path Following

(Py)  min g |Au—zP + 5 [ul’ + 35 fo (A +(y — %)) Pax

P = {(yﬁ’f U’Y7p’77>\'y) eW x L2 X L2 X W*}
(Py=0) unconstrained, (Py=s) constrained.

Theorem
P is globally Lipschitz continuous, and v — (p,\y) € W x L2 is locally
Lipschitz continuous.



How to choose v: Path Following

(Py)  min g |Au—zP + 5 [ul’ + 35 fo (A +(y — %)) Pax

P = {(yﬁ’f u’wp'yv)\'y) eW x L2 X L2 X W*}
(Py=0) unconstrained, (Py=s) constrained.

Theorem
P is globally Lipschitz continuous, and v — (p,\y) € W x L2 is locally
Lipschitz continuous.

Remark: A >> can guarantee feasibility of Y
For the obstacle problem, choose A = max(0, f + A).



How to choose v: Path Following

(Py)  min g |Au—zP + 5 [ul’ + 35 fo (A +(y — %)) Pax

P = {(yﬁ’f uwp'yv)\'y) eW x L2 X L2 X W*}
(Py=0) unconstrained, (Py=s) constrained.

Theorem
P is globally Lipschitz continuous, and v — (p,\y) € W x L2 is locally
Lipschitz continuous.

Remark: A >> can guarantee feasibility of Y
For the obstacle problem, choose A = max(0, f + A).

(H) SY:={xeQ:y,—1=0}, measSI=0



Sensitivities for Path Following

Theorem
Y = (Vs Uy, py) €W X L2 x L2 is differentiable and

(0S,) —Ay=i, —Dp+(yy—+)Xs, =—y, Bu=p

where S, = {x : y, —1¢ > 0}.



Sensitivities for Path Following

Theorem
Y = (Vs Uy, py) €W X L2 x L2 is differentiable and

(05,) —Ay=i, —Ap+(yy—v+yy)¥s, =—y, pi=p

where S, = {x : y,, — 1) > 0}.
V(v) = min J(yy, uy) / [(yvy

Theorem

Corollary



Model Function.
G

E+'y'

m(y) = G —

recall:  m(y) ~ =2/ vy

test (OS,) with y, — )T and "approximate” co dimensional quantities
by constants

(E+7y)m(y) +2m(y) =0

— model function

m >0, m <0, v2m(7y) bounded for v — oc.




Path-following Algorithms

Model parameters

determine E >0, GG >0, G, > 0.
Update Strategy

[V* = V()| S 7l VF = V()]

|G — mic(Yies1)] < 7| Cre — V()| =1 Bre

C
Vi1 = 75: — Ex.

Theorem ( exact path following)

lemOO(Y'yw Uy Ay ) = (yF, 0™, A7),



Inexact Path-Following

_ e 2 , T
N(PY) - {(ya )‘) . |( 'y(ya )‘)7 'y(y7)‘))|R < ﬁ}

1 _
r}/(y,)\) = |Ay+BA_1()\+y—z)|H71 , rﬁ(y,/\) = [A—max(0, \+v(y—v))|2-

F

Pk+1 1

Yk+1 = max (v, max(7y )
’PEH ’ max(ﬂfﬂ?ﬁfﬂ)q ’

whereg>1, 7 >1

Pfﬂ = /()’k+1 - 1/))+dX ) Pkc+1 = / (.Vk+1 - 1/1)+ dX+/ (}/k+l - 1/J)7dx~
Q T Ak41

k+1



Inexact pathfollowing

Optmal sate, Optmalcotroly,” OptmaiLagrange mutipler "

[[Meshsize h || 1/16 | 1/32 | 1/64 | 1/128 | 1/256 |

[ PDAS [ 14 [ 27 | 54 | 113 | 226 |

l PDIP [ 12 [ 14 [ 15 | 19 [ 19 ||

[ IPF [[ 11 ] 15 [ 14 [ 13 [ 15 ]

Comparison of iteration numbers for different mesh sizes and methods.

[ Meshsizeh J[ 1/4 T 1/8 [ 1/16 [ 1/32 [ 1/64 [ 1/128 | 1/256 [[ total |
[ PDAS MM 3 ] 4 1T 4 T 5 T 6 ] 6 [ 6 T 34 ]
| PDIP I3 1T 2 1 4 1 4 [ 5 [ 6 [ 7 1 31 |
| IPF M 4 1T 3 1T 3 T 4 T 5 7 5 | 5 I 29

Comparison of iteration numbers for different mesh sizes and methods based on nested iteration.



Problem with lack of strict complementarity

bound ¢ (left), optimal multiplier (middle), active/inactive sets (right), for h = 1/128.

[Mesh size h [ 1/4 [ 1/8 [ 1/16 | 1/32 | 1/64 | 1/128 [ 1/256 || total |

PDAS 2 4 5 9 10 21 40 01
PDIP 3 2 3 3 6 12 11 40
y IPF [ 7121 41 4] 6 ] 8 ] 15 [ 4 |

Table: Comparison of iteration numbers for different mesh sizes and methods
based on nested iteration.

BUT: CPU-time for PDIP 20 percent higher than for IPF
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